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Some fundamental concepts:
•

•

Soft computing is also known as computational intelligence. It makes use of inexact
solutions to computationally hard tasks, by exploiting imprecision, uncertainty and
incompleteness in order to reach robust, tractable and low cost solutions to illstructured problems. The role model for soft computing is indeed the human mind.
The field of Soft Computing encompasses areas such as Fuzzy and Rough Logics,
Neural Networks, Evolutionary Algorithms and Genetic Programming, Machine
Learning, Sentiment Analysis and Probabilistic Reasoning.
Prospect Theory is a behavioral economic theory that attempts to describe how
people select between probabilistic alternatives that involve risk, where the
probabilities of outcomes are unknown. The theory states that people make decisions
based on their expectation of losses and gains rather than the final outcome.
Prospect Theory explains the heuristics that people follow in order to evaluate these
losses and gains. The theory was first published in 1979 by Daniel Kahneman and
Amos Tversky and further developed in 1992 by and Tversky and Kahneman as
a psychologically more accurate description of decision making, as compared against
the normative perspective of expected utility theory. The paper “Prospect Theory: An
Analysis of Decision under Risk” (1979) is considered a landmark in Behavioral
Economics.
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MCDM/MCDA as part of Soft Computing:

Multi-Criteria Decision Analysis (MCDA) - or Multiple Criteria
Decision Making (MCDM), which is practically the same – also
relies on how the way human mind functions when trying to solve
the following categories of multiple criteria problems: Selection,
Ranking, Classification/Sorting and Description
Considering that large and heterogeneous data bases, imprecision,
incompleteness of information, group behaviour as well as other
complications are oftenly present when trying to solve the above
problems, it is fair to say MCDA/MCDM tools fit well into to the realm
of Soft Computing
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Now speaking about the TODIM method:
• Today (October, 2018) a number of papers and a couple of book
chapters making use of TODIM, its extensions, or combinations
with other MCDA/MCDM methods have been published in
international journals
• The TODIM method of MCDA/MCDM, like most O.R. methods, is
founded on previous work done by some very important
forefront researchers – those people were Herbert Simon (19162001), Thomas Saaty (1926-2017), Ward Edwards (1927-2005),
Bernard Roy (1934-2017), Daniel Kahneman (1934), Amos
Tversky (1937-1996) and Ralph Keeney (1944)

4

Behavioral and Multi-Criteria Decision Aiding:

• Decision aiders can do a much better job if their models are based on a
solid behavioral foundation
• Behavioral decision theory is considered to have formally begun with
Ward Edwards through his 1954 Psychological Bulletin article
• Behavioral decision theory has been established as “The approach of
reflecting on axiomatic frameworks in the domain of descriptive theories
(…) geared towards our goal of decision support” (Eisenführ, Weber, and
Langer , 2010 or EWL)
• Cumulative Prospect Theory by Tversky and Kahneman is “currently the
most prominent descriptive decision theory under uncertainty” (EWL)
• Again, according to EWL, “the original Prospect Theory (OPT) from 1979 is
only of historical importance today. However, to prevent possible
misunderstandings, the cumulative version of Prospect Theory is
commonly referred to as CPT”
• OPT was developed by Daniel Kahneman and Amos Tversky and first
published in 1979. The term prospect referred to a lottery in the original
formulation of that theory. A prospect (x1, p1; …; xn, pn) is a contract that
yields outcome xi with probability pi, where p1 +…+ pn = 1.
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Two seminal articles:
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OPT and CPT:
With Prospect Theory Kahneman and Tversky aimed to describe how
people choose between probabilistic alternatives and evaluate potential
losses and gains defined with respect to a reference point or status quo.
Consequently two domains are identified, the domains of gains and the
domain of losses. A number of experiments have allowed researchers to
conclude that humans tend to show risk-averse behavior in the domain
of gains and a risk-seeking behavior in the domain of losses.
The difference between CPT and OPT is that weighting is applied to the
cumulative probability distribution function, as in rank-dependent
Expected Utility Theory, instead of being applied to the probabilities of
individual outcomes. CPT is therefore a further development of prospect
theory. CPT overcomes some clear limitations that OPT had and, due to its
success as a descriptive theory of how people decide when facing risk, it is
considered as having more accuracy than Expected Utility Theory as a
psychological theory of preferences under risk.
7

The role of Prospect Theory in decision aiding:
The decision aider aim’s is prescriptive – to help determine what a
decision maker could do under a given scenario
However, in order to be effective, the aider needs a comprehensive,
descriptive understanding of the decision maker mental processes and
capabilities

This leads us to understanding the difference between the two key
decision paradigms: Expected Utility Theory (von Neumann &
Morgenstern, 40’s) and Prospect Theory (Kahneman & Tversky, 70’s)

While the Expected Utility Theory paradigm is a normative view of
decision making, the Prospect Theory paradigm allows describing
how people make decisions under risk
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On Risk:
The simplest notion of risk is that of a relationship between the chance of
occurrence of an undesirable event and the seriousness of the consequences
from such an event, it it really occurs
• In fields such as Accounting, Business Management, Engineering, Finance,
International Politics and Policy-Making risk has a considerable importance
and it has been studied in the domains of Risk Management (Finance) and
Risk Analysis (Operations Management), just to name a few
• The history of risk is highly intermixed with the history of Probability Theory
Human decisions are always made under some risk level (i.e., nobody has a
crystal ball and one may always run into the possibility of being far from
satisfying a given objective)
When one is trying to help people that are to make complex
decisions, their risk behaviour cannot be ignored
As human decisions always occur under some uncertainty, it is only
natural that decision aiding explicitly takes risk into account
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What is the first thing that comes to our mind when we talk about risk?
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Expected Utility and Prospect Theory:
The Expected Utility Hypothesis (or Expected Utility Theory) is a paradigm
represented by the curve on the previous slide - the von Neumann-Morgenstern
theorem (1944) provides its modern mathematical foundation
However, when people make decisions under risk, they show a pattern of
preferences that many times is not described by the Expected Utility
Hypothesis
Prospect Theory may provide a broader, descriptive model for
understanding how humans make decisions under risk

In essence, normally people tend to be risk-averse in the
domain of gains and risk-prone in the domain of losses
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Through many examples, it is not
difficult to see that when
problems are framed in terms of
gains people react differently from
when they are framed in terms of
losses
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An example – A city in the hinterland of South
America is preparing to fight a rare and highly lethal
virus (Problem 1)

• 600,000 fatal cases are expected
• Program A  200,000 people are saved
• Program B  there is chance of 1 to 3 of
saving 600,000 people and a chance of 2 to
3 that nobody will be saved
• Which Program would you implement, A or
B?
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Typical answers that we get from
respondents:

• 72 % prefer Program A
• 28 % prefer Program B
• Conclusion: The majority choice
(72 %) shows an aversion to risk
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Another formulation of the same example
(Problem 2)
• Program C  400,000 people die
• Program D  there is a chance of 1 to 3
that noboby will die and a chance of 2 to 3
that 600,000 people will die
• Which Program would you implement, C or
D?
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Again, typical answers that we get from
respondents:
• 22 % prefer Program C
• 78 % prefer Program D

• Conclusion: The majority choice
(78 %) shows a risk proneness
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Overall conclusions:
When decision problems are
formulated in terms of gains, choices
are usually risk-averse. When problems
are framed in terms of losses, choices
tend to be risk-prone. Neverthless,
Problems 1 e 2 are mathematically the
same
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This suggests that when people have
to make decisions under risk, they
show a pattern of preferences that
may not be explained by Expected
Utility Theory
Prospect Theory tends to provide a
broader, descriptive model for
understanding how humans make
decisions under risk
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In essence, people tend to be
risk-averse in the domain of gains
and risk-prone in the domain of
losses
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Consequences to MCDM/MCDA:
How can we make use of the Prospect Theory paradigm for improving
decision aiding?
Models of decision aiding that are based on the Prospect Theory paradigm
would tend to have a better prospective capability – this is the case of the
TODIM method (1991) and other posterior work
I.e., Prospect Theory-based, MCDA/MCDM models (e.g., TODIM and its
extensions as well as some posterior work, e.g. Lerche, 2016) are in
principle preferable over other types of decision aiding models. Why is
that so? Simply because one cannot ignore risk behaviour when making
complex decisions
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Previous attempts to use Prospect Theory in MCDM/MCDA:
• Korhonen, Moskowitz and Wallenius (1990) investigated choice behavior in
interactive multi-criteria decision making. The validation of Prospect Theory
made by Korhonen, Moskowitz and Wallenius used a linear approximation to
prospect theory. Korhonen, Moskowitz and Wallenius have shown that
Tversky’s additive difference model can indeed be regarded as a
generalization of prospect theory to the multi-criteria context.
• Salminen and Wallenius (1993) tested linear prospect theory in a
deterministic multi-criteria decision-making environment. These two authors
then concluded that Prospect Theory was a reasonable model of choice for
many individuals within the framework of their research.
• Salminen (1991, 1992, 1994) proposed an interactive method for solving
discrete deterministic multi-criteria decision problems and assumed linear
prospect theoretical value functions for the decision makers. He
approximated the S-shaped value functions of prospect theory by piecewise
linear marginal value functions. Salminen’s proposed procedure was
therefore valid only for convex preferences. This author pointed out that the
major problem in putting OPT in practice was how to find an individual
reference alternative. He then proposed as alternative possibilities the
current option, the use of aspiration levels and the ideal point, but concluded
that there was no unique solution to that problem.
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The original Prospect Theory-based TODIM method:
• The TODIM (an acronym in Portuguese for Interactive and Multicriteria
Decision Making) method is a discrete multicriteria method inspired by
Prospect Theory
• The multiattribute value function of TODIM is built in parts, with their
mathematical descriptions reproducing the gain/loss function of Prospect
Theory. The global multiattribute value function of TODIM aggregates all
measures of gains and losses over all criteria; that function is based on
Tversky’s idea of an additive difference function
• Being inspired by Prospect Theory , in principle TODIM can either use a
status quo, a reference alternative or the concept of a floating reference
alternative
• Getting the weights of criteria (Swing Weighting, AHP, Ratings, etc.)
• Valuation of the alternatives with respect to each criterion, with
normalization by dividing each weight by largest weight for each criterion
• Computing a matrix of relative dominance
• Calculation of the measurements of the overall desirability of each
alternative
• Sensitivity analysis
• An Excel®-based spreadsheet (or MATLAB®, for example) for calculations
and eventually for producing graphs
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MCDM/MCDA characteristics of the original TODIM method:
• It is a noncompensatory method (i.e., advantages of one
attribute/criterion cannot be traded off against disadvantages of another;
each attribute/criterion must stand on its own)
• Noncomparability between attributes/criteria is not generally allowed
• The aggregation procedure consists of using a multidimensional value
(measured by relative dominance) function
• Alternatives are compared in pairs, transitivity is preserved
• Rank reversal is minimized due to the normalization procedure embedded
in the method
• Weights of attributes/criteria are produced from usual weight elicitation
techniques (e.g., point allocation, direct rating, SMART, Swing Weighting,
AHP, etc)
• An early comment on TODIM: An original method based on the French and
the North-American schools. It combines aspects from Multiattribute
Utility Theory, the AHP and ELECTRE methods. (In the original: Utilisation
d’une méthode originale à cheval sur l’école française et américaine. Elle
combine des aspects provenant de la théorie de l’utilité multiattribut, de la
méthode AHP et des méthodes ELECTRE (Roy and Bouyssou, Aide
Multicritère à la Décision: Methods et Cas. Paris: Economica, 1993,
p. 638)
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Formulas of TODIM:
Measure of relative dominance of each alternative i over another
alternative j:
m

 (Ai, A )    c (A , A ),
j

i

j

(Ai, Aj )

c 1

Variables and parameters of TODIM:
(Ai,Aj) – dominance measurement of an alternative Ai in relation to
another alternative Aj
c (Ai,Aj) – measure of value of alternative Ai as compared against
alternative Aj according to criterion c
arc – substitution rate for criterion c as compared against criterion r
wic and wjc – valuations of alternatives Ai and Aj according to criterion
c
 – attenuation factor, applicable to the segment of the value function
in the negative quadrant
 i – overall desirability of each i-th alternative
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Gain, no gain & no loss, and loss parts of the value function:

 a rc (w ic  w jc )

if w ic  w jc  0

c a rc



Φ c (A i, Aj)  0
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The expressions above can be simplified
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Desirability of each alternative:
n

n

  ( A , A )  min   ( A , A ).
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j
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j
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n

n

j 1

j 1
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The function c reproduces the value function of OPT and replicates the most
relevant shape characteristics. That function fulfills the concavity for positive
outcomes (convexity for negative outcomes) and it enlarges the perception of
negative values for losses than positive values for gains, both value functions
are steeper for negative outcomes than for positive ones.
Each shape characteristic of the value function models psychological
processes: the concavity for gains describes a risk aversion attitude, the
convexity describes a risk seeking attitude; the assumption that losses carry
more weight than gains is represented by a steeper negative function side.
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Computations of the original TODIM method in algorithmic form:
• Step 1: From the evaluation matrix of size m (attributes/criteria) versus n
(alternatives) and criteria weights, compute values of c (Ai, Aj) by using
the appropriate equation and making  vary in [1,10]
• Step 2: Compute values of  (Ai, Aj)
• Step 3: Compute values of  i : those values lead to the ranking of
alternatives
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An early application of TODIM to health care:
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An article published 8 years after the first two papers introducing TODIM and
that has been cited by many other authors:
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An extension towards Cumulative Prospect Theory:
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A different model if we use CPT instead of OPT:
When introducing the CPT in 1992,Tversky & Kahneman define the
subjective value ν of an outcome x, as a two-part power function of the
form:

 x
if x  0
v

(


)(

x
)
if x  0

α quantifies the curvature of the subjective value function for gains, β
does for losses, and the parameter λ quantifies the loss aversion. For α, β
< 1, the value function exhibits risk aversion over gains and risk seeking
over losses. Furthermore, if λ, the loss-aversion coefficient, is greater
than one, individuals are more sensitive to losses than gains.
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The original formulation of TODIM’s value function is indeed a particular case
of the more general Tversky and Kahneman’s CPT where α=0.5
and λ=1/ θ:
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A more general parametric form of the function c follows:
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Additional thoughts:
Different kinds of decision makers can be understood in terms of their
risk and loss attitude. Although the TODIM method does not deal with
risk directly, the way the decision maker evaluates the outcomes of any
decision can be expressed by their risk attitude: for instance, a cautious
decision maker will undervalue a superior result more than a braver
one. Apart from parameter , the attenuation factor of the losses,
function c does not offer other parameters to delineate the behavior
of diverse decision makers, therefore a generic formulation is
proposed.
It can be shown that the ratio arc/(∑arc) can be interpreted as a probability.
This allows us to make full use of CPT, including its decision weights.
We can therefore say that the formulation of TODIM in terms of CPT is
indeed a formulation in terms of the concept of capacity. Here a capacity is a
non-additive set function that generalizes the standard notion of probability.
Capacities are also known under the name of fuzzy measures.
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Examples of more recent work on the
method and extensions follow
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A SMAA formulation of the TODIM method:
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Generalizing the TODIM method:
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A classificatory version of TODIM:
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TODIM-FSE: a Multicriteria Classification and Sorting Method
based on Prospect Theory
•
•
•
•

•

There are relatively very few MCDA methods for solving
classification and sorting problems
TODIM-FSE is a multicriteria classification and sorting method that
relies on the paradigm of Kahneman and Tversky (1979, 1992)
known as Prospect Theory
The concept of contribution presented in TODIM-FSE is a novel
concept that enables the classification and sorting procedure
TODIM-FSE is a multicriteria classification and sorting method that
combines features of the TODIM method with the Fuzzy Synthetic
Evaluation (FSE) approach [some early authors: LU, LO & HU
(1999); CHANG, CHEN & NING (2001); ONKAL-ENGIN & DEMIR
(2004); SADIQ, HUSAIN, VEITCH & BOSE (2004); KUO & CHEN
(2006)]
The method is applicable through a 7 step procedure and the last of
those seps provides for a validation of the method’s output
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Procedure for applying TODIM-FSE
• Step 1 – Identifying decision agents/makers and decision analyst(s)
• Step 2 – Analyzing and structuring the decision
(classification/sorting) problem
• Step 3 – Identifying the attributes/criteria
• Step 4 – Defining categories (i.e., classes) and contribution
functions
• Step 5 – Eliciting the weights of attributes/criteria
• Step 6 – Assigning each alternative to one of the proposed
categories
• Step 7 – Validating the assignment carried out in Step 6 (i.e.,
Validation Analysis)
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Defining categories and contribution functions (Step 4)
•
•

Here, the first concern is to define the number of categories
Next, for every attribute/criterion it is necessary to define the
contribuition that each of the criteria provides to assign one
alternative to a certain category
• If the criterion is qualitative these contribuitions will be presented in
a table, with values between 0 and 1
• If the criterion is quantitative these contribuitions will be presented
similarly to fuzzy sets, with values also between 0 and 1
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Table of contributions (for qualitative attributes/criteria)
The table below shows the values of contribution for
the criteria quality of deliverable (for example) in a
model of self evaluation of the quality of services
provided to the customers

Evaluation Scale

Excellent

Very Good

Good

Bad

Very much Above
Expectations

1

0.8

0.5

0

Above Expectations

0.8

1

0.8

0.2

Within Expectations

0.5

0.8

1

0.4

Below Expectations

0

0.2

0.4

1
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Generalizing: Contribuitions table for
qualitative attribute/criterion i

Categories
Evaluation

Cat 1

Cat 2

...

Cat k1

Cat k

1

11

12

...

1k-1

1k

2

21

22

...

2k-1

2k

...

...

...

...

...

...

m

m1

m2

...

mk-1

mk
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Contribution Functions (for quantitative criteria)
In the example problem below, there are 3 classes of accidents in a
case study of oil spill: (1) Local Level, (2) Regional Level, (3) National
Level. Several criteria were taken into account for this evaluation

For the criteria type of oil in
terms of its persistence the
following contribution
functions were defined, by
using the opinions from
experts
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After analyzing the last figure a vector of contributions is created,
with a value of contribuition associated to each category.

[LL(x) = 0.19

RL(x) = 0.78

NL(x) = 0]

Those figures mean that the oil that holds 21º API
(American Petroleum Institute) contributes with the
values of 0.19 to classify the accident in the lower
category; 0.78 to classify the accident in the
intermediate category; and 0 to classify the accident in
the higher category
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Generalizing: Table of attributes/criteria grouped contributions

Categories
Criterion

Cat 1

Cat 2

...

Cat k1

Cat k

crit1

11

12

...

1k-1

1k

crit2

21

22

...

2k-1

2k

...

...

...

...

...

...

critn

n1

n2

...

nk-1

nk
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Classification of each alternative (Step 6)

•

The classification will be obtained by using a
natural extension of the TODIM formulas by ranking
the values of contributions of each criteria
• The problem in this step can be analyzed by
showing which category has the greatest overall
score when considering all attributes/criteria and
their weights

47

Table of aggregated criteria contribuitions

Criteria

Categories
Cat1

Cat2

...

Cati

...

Catk

C1

μ11

μ12

...

μ1i

...

μ1k

C2

μ21

μ22

...

μ2i

...

μ2k

...

...

...

...

...

...

...

Cj

μj1

μj2

...

μji

...

μjk

...

...

...

...

...

...

...

Cn

μn1

μn2

...

μni

...

μnk

Values of
contributions
obtained in Step
4, for each
criterion

Within the columns of this table we have the contributions
associated to each criterion
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Classification of each alternative (Step 6)
Classifying equations

,

,

,

,

,
,

,
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Validation analysis (Step 7)

•

Here, the objective is to fine tune the model created in order to
improve its effectiveness in supporting decision making (i.e.,
multicriteria classification/sorting)
• The weights of attributes/criteria and contribution values can be
changed in this step
• In order to test the quality of the classification that was produced it is
important to use some alternatives previously classified as
benchmarks
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TODIM with criteria interactions:

Note: Xavier Ignacio González was the third author of this article
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First publication on TODIM with interval data:

52

TODIM with fuzzy input data:
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The combined use of interval data and fuzzy information:
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A neutrosophic group decision-making approach:

Neutrosophic models
try to capture
uncertainty, vagueness,
incompleteness,
inconsistency,
redundancy and
contradiction in data
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With intuitionistic fuzzy information:

Intuitionistic
fuzzy models
take into account
the membership
degree, the nonmembership
degree and
hesitancy
degrees of
decision makers
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With intuitionist-fuzzy, sentiment-based inputs:

Sentiment analysis
is contextual mining
that tries to identify
and elicit subjective
information in
source material
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An application to robot selection:
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With grey numbers:
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With linguistic hesitant fuzzy information:

Hesitant fuzzy models allow for considering the attitudes of many decision
makers towards one decision
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More on hesitant fuzzy information inputs:
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Group decision making with intuitionistic fuzzy information:
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A hybrid approach - 2-dimension uncertain linguistic variables, a cloud model and an extended TODIM:
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Thank you very much! I trust future generations
will make much better decisions than ours with
the help of evolving tools of Soft Computing –
the TODIM method and extensions are just a
very tiny part of this much broader and
captivating field of research
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